The theory of the ion cyclotron (IC) electrostatic parametric instabilities of plasma which are driven by the elliptically polarized fast wave (FW) of the finite wavelength is developed. This theory grounds on the methodology of the oscillating modes. It provides the analytical treatment of the parametric instabilities with wavelength comparable with the displacements of ions relative to electrons in FW. The growth rate of the IC quasimode decay instability, which was considered as a potential source of the generation of the high energy ions in scrape-off layer (SOL) during FW injection in tokamaks, is derived analytically for arbitrary values of the FW electric field and wavelengths of the unstable IC perturbations. The comprehensive numerical analysis of the dispersion equation for three wave system which contains the IC mode ϕ i (k i , ω) and its harmonics
I. INTRODUCTION
The understanding of interaction between the fast wave (FW) in the ion cyclotron range of frequency (ICRF) and the cold scrape-off layer (SOL) plasma adjacent to the ICRF antenna is crucial in FW heating experiments. It was found in essentially all these experiments that up to 50% or more 1-3 of the launched FW power is lost in the SOL outside of the last closed flux surface. This significant fractions of the coupled FW power is deposited eventually to the inner wall and divertor plates of tokamaks.
The bursts of poorly confined energetic ions with energy above 20 keV, which is observed regularly immediately following FW injection on DIII-D tokamak, is one of the well recognized channel of the FW energy leakage 4 . It was experimentally proved in Ref. 4 that these high energy ions in DIII-D tokamak were created within the SOL. The other channel of the FW energy absorption, which also is absent within linear treatment, is a significant heating of the low energy ions in SOL 5 , which a) E-mail:vsmikhailenko@pusan.ac.kr b) E-mail: vladimir@pusan.ac.kr c) E-mail: haejune@pusan.ac.kr was found to be anisotropic with T i⊥ T i . It was claimed in Refs. 4, 5 that the observed anomalous absorption of the FW energy by the SOL ions is the result of their interactions with the IC parametric quasi-mode decay instabilities 6, 7 which were detected in the SOL near the antenna strap.
The excitation of the parametric instabilities in SOL during the ICRF heating of plasma when a RF power threshold was exceeded is observed regularly and is well investigated experimentally [4] [5] [6] [7] [8] [9] [10] . However, the clear understanding the role of the parametric instabilities in the FW power losses in SOL is still missing and there is still lack a verification by the theory.
In this paper, we consider the theory of the ion cyclotron (IC) parametric instabilities driven by FW and the resulted anomalous heating of ions in the SOL plasma. The special attention will be given to the linear and quasilinear theory of the quasimode decay instabilities development of which is considered 4, 5, 9, 10 as the main mechanism of the transmission of the FW energy to the SOL plasma and particularly to the SOL ions. The investigations of the IC parametric turbulence in the present paper bases on the methodology of the oscillating modes, developed in Refs. 13, 14 , and extended in this paper on the accounting for the finite wavelength of FW. In Sec. II, we present in details the justification of the local approximation in the theory of the parametric in-stabilities powered by the FW of the finite wavelength which we use in our theory instead of the usually applied approximation of the spatially homogeneous FW (dipole approximation). The basic equations which govern the electrostatic parametric instabilities driven by FW is developed in Sec. III. In the Subsec. III A of this section, the basic dispersion equation for the electrostatic parametric instabilities driven by FW is derived. The short summary of the theory of the IC kinetic parametric instability, which is the simplest application of the derived dispersion equation is presented in Subsec. III B. The linear theory of the quasimode decay instability 6, 7 is presented in Subsec. III C. The main purpose of our analysis of the quasimode decay instability is to elucidate the role of these instabilities in the turbulent heating of ions and generation of the population of the high energy ions in the SOL during FW heating. This problem is considered in Sec. IV, where the rates of the anomalous heating of ions resulted from their interaction with IC turbulence powered by the IC quasimode decay instability are determined. Conclusions are given in Sec. V.
II. THE LOCAL APPROXIMATION IN THE THEORY OF FW INTERACTION WITH PLASMA
In this section, we derive the basic equations which govern the interaction of the high power FW with a near-antenna scrape-off layer (SOL) plasma, where the oscillatory velocity of ions in FW field is commensurate with the ion thermal velocity. We use a slab geometry with the mapping (r, θ, ϕ) → (x,ŷ,ẑ) where r, θ, ϕ are the radial, poloidal and toroidal directions, respectively, of the toroidal coordinate system. The components of the electric and magnetic fields, E 0 (r, t), B 0 (r, t) ∼ e ik0xx+ik0yŷ+ik0zẑ−iω0t of the elliptically polarized fast wave are such that E 0x ∼ E 0y E 0z , k 0x ∼ k 0y k 0z ,B 0x ∼B 0y B 0z and componentB 0z is much less than the magnitude of the confined magnetic field B pointed along coordinateẑ. Therefore we consider a model of a plasma immersed in the uniform magnetic field B directed along coordinateẑ and in the fast wave electric field of the form
is directed perpendicular to the magnetic field B, and k 0z is pointed along B. Our theory bases on the Vlasov equation for the velocity distribution function F α of α plasma species (α = i for ions and α = e for electrons),
and on the Poisson equation for the self-consistent electrostatic potential ϕ (r, t) of the plasma respond on the fast wave,
In Eq. (3), f α is the fluctuating part of the distribution function F α , f α = F α −F 0α , where F 0α is the equilibrium distribution function. The theory of the electrostatic plasma instabilities and plasma turbulence is grounded, as a rule, on the application to the governing equations of the spectral (Fourier, Laplace) transforms over time and spatial coordinates, which follows by the investigation of the spectral properties, stability and temporal evolution of the separate spatial Fourier mode of the perturbed electrostatic potential. The principal obstacle for the direct application of the spectral transforms to Eq. (1) is the explicit time and coordinate dependencies of the spatially inhomogeneous electric field of the applied electromagnetic wave. It is commonly accepted in the theoretical investigations of the parametric instabilities excited by the strong driving FW, that the approximation of the spatially homogeneous pump wave with k 0 = 0 across the magnetic field may suffice since the parametrically excited waves have the wave number across the magnetic field much larger than the wave number of the pump wave. Direct application of the spectral transform over time variable to Vlasov-Poisson system of equations in this case results in the set of the coupled equations for the infinite number of the harmonics f α (k, ω − nω 0 ) where n = 0, ±1, ±2, .., coupled with infinite numbers of harmonics of the perturbed electrostatic potential ϕ (k, ω − mω 0 ) where m = 0, ±1, ±2, ... Usually 11, 12 , in order to simplify the problem, the transformation to the coordinate frame in velocity space which oscillate with velocity V i (t) of ions (electrons), but with unchanged coordinates in configuration space, was employed; specifically, the transformation is given by t = t, r =r, v =v − V 0 (r). In new coordinates, the spatially uniform RF electric field is excluded from the Vlasov equation for ions (electrons). Then, the application of the spectral transform over these time and spatial coordinates to this Vlasov equation gives the known equation for the separate spatial Fourier mode of the perturbations of the ion (electron) distribution functions coupled with the separate spatial Fourier mode of the perturbed electrostatic potential with the same wave number and frequency. The Fourier transform of the Poisson equation for the perturbed electrostatic potential is performed in this approach in the laboratory frame. In the laboratory frame, the perturbations of the ion density determined in the ion oscillation frame and of the electron density, determined in the electron oscillating frames, are observed in the laboratory frame as the infinite number of the harmonics ϕ (k, ω − mω 0 ) where m = 0, ±1, ±2..., of the perturbed potential. Because of this, the analytical investigations of the dispersion properties of the separate Fourier mode of the perturbed potential becomes possible only for the limiting case of the small displacements of the particles with respect to the wave length of the perturbations 12 . It was derived 13 that the Poisson equation Fourier transformed in the ion or electron oscillating frame, instead of the laboratory frame, admits the investigations of the stability of the perturbed potential for the displacements of particles in the RF field comparable with the wavelength of the unstable waves.
In this paper, we extend the approach developed in Ref. 13 on the RF wave with finite wave vector k 0 assuming that the displacements ξ i,e of the ions/electrons in the RF field is much less than the fast wave wavelength, i.e. that k 0 · ξ i,e 1. We transform the Vlasov equation (2) for ions to new position vector r i and velocity v i , determined by the relationŝ
or
determined by the frame of reference moving with veloc-ityV i r,t = V i (r i , t) relative to the laboratory frame.
In new variables, the Vlasov equation has a form
We define the velocity V i (r, t) as a function for which the square brackets in Eq. (6) vanishes,
The characteristic equations to first order partial differential equation (7),
display that the radius vector r i , determined by Eq. (4) is the integral of Eq. (7),
We obtain the solutions to nonlinear Eqs. (8) for ion velocity components V ix (r, t) and V iy (r, t) in the limit
, which corresponds to small displacement of ion in the fast wave compared with fast wave wavelength k −1 0 . By integration by parts of Eq. (8) for V ik , a power series expansion in powers of |k 0 V i (r i , t) / (ω 0 ± ω ci )| < 1 forms. We obtain on this way that
The ion displacement |R i (r i , t) | in the electric field of the fast wave is usually much less than the wavelength k −1 0 of the fast wave, however it may be comparable with the wavelength of the unstable perturbations. Neglecting by the terms of the order of O (k 0 R i (r i , t)) 1 in Eqs. (9)-(11), we obtain that
Eqs. (12) -(15) are the simplest results of the application of the local approximation, instead of the application of the approximation k 0 = 0 of the spatially uniform FW, to the equations of the ion motion in the the spatially inhomogeneous electromagnetic wave. In this approximation, where velocity v i and coordinates x i , y i are determined by Eqs. (4) and (12) - (15) in the ion oscillating frame, the Vlasov equation (6), in which the terms of the order of O (|k 0 R i (r i , t) |) 1 are neglected and the expression in the square brackets equal to zero, has a form
Equation (16) reveals that the Vlasov equation for the ion distribution function in the variables r i , v i has a form as for uniform plasma without the external electromagnetic wave. The equilibrium ion distribution function
with ϕ (r i , t) = 0 and may be assumed to be the Maxwellian distribution,
where n 0i is the equilibrium ion density and v 2
All results presented above for the ion plasma component are completely applicable to the electron component. The Vlasov equation for the electron distribution function F e (t, r e , v e ) in the variables r e , v e , determined by the relations (10) -(15) with species index i replaced by e, has a form of Eq. (16) in which, however, the perturbed potential ϕ is now the function of the coordinate r e instead of r i .
III. ELECTROSTATIC IC PARAMETRIC INSTABILITIES DRIVEN BY FW
In this section, we obtain the basic equations for the IC parametric instabilities for plasma parameters consistent with cold SOL plasma near the FW antenna region in tokamak, where the oscillatory velocity of ions and electrons may be commensurate with their thermal velocities.
A. Ion and electron oscillating modes and their interactions
It follows from Eq. (16) that with variables r i , v i determined in the ion frame of references which oscillates with velocity V i of ions in the crossed electric and magnetic fields of FW, the Vlasov equation for f i (t, r i , v i ), which contains the potential ϕ (r i , t), has a form as for a plasma without FW fields. With leading center coordinates X i , Y i , z i determined in the ion oscillating frame by the relations
where
the Vlasov equation for f
Instead of the linearisation of Eq. (20) as a routine initial step to the solution of this nonlinear equation, we solve Eq. (20) employing the procedure of the "renormalized linearisation" 17 which provides the inclusion to the derived linear solution for f i the averaged nonlinear effect of the scattering of ions by the ensemble of the IC waves 18, 19 . This effect, which is interpreted as the "effective collision" of ions with IC turbulence or as the effect of the broadening of the IC resonances, is the dominant one in the saturation of the IC kinetic parametric instabilities and anomalous heating of the non resonant ions by the IC turbulence 17 . The procedure of the "renormalized linearisation" consists in the transformation of the leading center coordinates X i , Y i and velocity coordinates v i⊥ , φ 1 , v iz in Eq. (20) to new coordinates, which account for in the explicit form the distortion of the ion orbits by the electrostatic turbulence. Assuming that the ion orbit disturbances δX i , δY i , δv i⊥ , δφ, δv iz are sufficiently small, these coordinates are 17
in whichX i ,Ȳ i ,v i⊥ ,φ,v iz are the integrals of the system of equations for the characteristics to Eq. (20). The perturbed electrostatic potential ϕ is presented in variables
where J n is the Bessel function of the order n. The subscript i in ϕ i and of k i indicates that ϕ i = ϕ (r i , t) and that k i is the wave vector conjugate to r i . The nonlinear phase shift k i δr i (t), resulted from the perturbations of the ions orbits,
is included. In Eq.(27) the terms of the second order over δX i , δY i , δv i⊥ , δv iz and δφ are omitted. It was obtained in Ref. 17 that with new variables t,X,Ȳ ,z 1 ,v ⊥ , φ 1 ,v z , determined above by the relations (21) -(25), the nonlinearities of the second order in the equation for 
with the solution
As in the conventional renormalized theory 18 , we account for in Eq. (29) the average effect of the perturbations of ions orbits. For the accounting for the averaging effect of the ion scattering by the electrostatic turbulent field we use the simplified approximation that the scattering of particles by plasma turbulence is a Gaussian process, for which the relation 18 ,
holds. The coefficient C i in Eq. (30) is 17
and
The solution (29) for f i , Fourier transformed over r i , which accounts for the average effect of the scattering of ions by the electrostatic turbulence, is calculated easily and is equal to
where t 0 ≥ 0 is the initial time. For the Maxwellian distribution (17) for F i0 (t, r i , v i ), the perturbation of the ion density Fourier transformed over
The solution to the linearised Vlasov equation for the separate spatial Fourier harmonic of the perturbation f e of the electron distribution function F e0 and the solution for the perturbed electron density δn e , δn e (k e , t) = − 2πe m e t t0 dt 1 ϕ e (k e , t 1 )
are derived in the electron oscillating frame as a functions of the Fourier transformed perturbed potential ϕ e (k e , t) = dr e ϕ e (r e , t) e −ikere . It is obvious that ϕ e (k e , t) and ϕ i (k i , t) are different functions. The temporal evolution of the separate spatial harmonic of the potential ϕ with Poisson equation (3) may be investigated in the ion frame as the equation for ϕ i (k i , t) by the Fourier transform of Eq. (3) over r i , over r i should be determined for n e (r e , t) as well as for potential ϕ e (r e , t 1 ), which is included in the expression for n e (r e , t). With coordinates transform (4) for the ions and with similar transforms for the electrons we obtain, that
where It follows from Eqs. (14) and (15), that a ei ∼ |k i ξ ie |, where ξ ie is the amplitude of the displacements of electrons relative ions in FW. The relation between the Fourier transform ϕ e (k e , t) of the potential ϕ e (r e , t) over r e , involved in the expression for δn e (r e , t), and the Fourier transform ϕ i (k i , t) of the potential ϕ i (r i , t) over r i when it is used in δn e instead of ϕ e (k e , t), is derived similar and is determined by the relation ϕ e (k e , t 1 ) = dr e ϕ e (r e , t 1 )
This relation follows from the identity ϕ e (r e , t 1 ) = ϕ i (r i , t 1 ), and relation (37). The Fourier transform over the time of the Poisson equation for the potential ϕ i (k i , t) gives the basic equation,
The functions ε i (k i ,ω) and ε e (k i , ω) in Eq. (42) are the renormalized nonlinear dielectric permittivity of ions and the linear permittivity of electrons respectively which for the Maxwellian distribution (17) for ions and electrons are
In Eqs. (43), (44), λ Di(e) is the ion (electron) Debye length, ρ i = v T i /ω ci is the ion thermal Larmor radius, I n is the modified Bessel function of order n,
The renormalized frequencyω = ω + iC i , where C i is determined by Eq. (31), accounts for the scattering of ions by the ion cyclotron turbulence. Equation (41) describes the coupling of the fundamental mode ϕ i (k i , ω) with their harmonics ϕ i (k i + qk 0 , ω + qω 0 ).
The equation for the harmonic ϕ i (k i⊥ + tk 0⊥ , k iz , ω + tω 0 ) is derived from Eq. (41) by changing ω on ω + tω 0 , and k i on k i + tk 0 ,
Employing Eq. (45) with t = q in Eq. (41), we obtain the equation
This process of the separation of the term with potential ϕ i (k, ω) of the fundamental mode in Eq. (46) may be repeated ad infinitum 14 . At the n-th step of the iteration, the terms of the order of O ((ε e /ε) n ) are added tô ε (k i , ω). This process converges when |ε e /ε| < 1 and, it is important to note, the product of the growing number of Bessel functions is much less than unity and supplies the convergence of the procedure even when |ε e /ε| ∼ 1. If we neglect by the next iteration step, which adds toε, determined by Eq. (47), the terms of the order of |ε e /ε| 3 multiplied on the product of eight Bessel functions, we obtain the equationε
which is the general form of the dispersion equation for the plasma in FW, the particular cases of which compose the contemporary theory of parametric instabilities of plasmas in FW.
B. IC kinetic parametric instability.
The investigation of the dispersion equation (48) we begin with considering the simplest case which corresponds to the IC kinetic parametric instability 13, 14 . The dispersion properties of this instability are determined by the solution of the equation
It determines the stability properties of the fundamental mode ϕ i (k i , ω) without accounting for the effects of the coupling this mode with harmonics ϕ i (k i + qk 0 , ω + qω 0 ) (see Eq. (41)). In Eq. (49), ε (k i , ω) is given by Eq. (42). This instability is driven by the oscillation current formed by the relative oscillatory motion of ions and electrons. The linear and the nonlinear theory of this instability was investigated in detail in Ref. 14 . Here we present only a short summary of the derived results for the comparing them with the corresponding results for the IC quasimode decay instability considered below in Subsec. III B and Sec. IV. It follows from Eq. (40) that potential ϕ i (k i , ω) is detected in the electron oscillating frame as a set of harmonics ϕ i (k i + qk 0 , ω + qω 0 ). The IC kinetic parametric instability develops due to the inverse electron Landau damping of these harmonics. The frequency ω (k i ) of the IC (ion Bernstein) wave is determined as the solution to equation
The growth rate γ (k i ) of the instability is equal approximately to 14
where z e = ω (k i ) / √ 2k iz v T i . As it follows from Eq. (52), the growth rate maximum attains for a ∼ k i⊥ ξ ∼
i. e. for the IC waves with wavelength across the magnetic field comparable with the amplitude of the displacements of ions relative to electrons. For the frequency of the FW ω 0 ∼ ω ci these waves are short with k ⊥ ρ i > 1 when v T i > U . Now, we can present the solution for the potential ϕ (r i , t), determined by Eq. (26), for the IC kinetic parametric instability, which accounts for the scattering of ions by the IC parametric turbulence,
where C i is determined by Eq. (31), which for |z in | 1 is equal to
Equation (53) reveals that potential ϕ (r i , t) ceases its growth when γ (k) = C i . For the conditions of the FW heating in the SOL plasma where v ti /U ∼ k ⊥ ρ i > 1, Eq.
(53) predicts that the energy density W = W (k) dk of the ion cyclotron turbulence in the saturated state, where
is given by the estimate 14
The development of this instability results in the heating of the cold SOL ions with heating rate 13, 14 n 0i
resulted from the scattering of ions by the IC turbulence powered by the IC kinetic parametric instability.
C. IC quasimode decay instability.
The main goal of this paper is to elucidate the effect of the IC quasimode decay instability 6, 7 in the anomalous absorption of the FW energy in the SOL. The development of this instability is considered 4, 5, 9, 10 as the main mechanism of the transmission of the FW energy to the SOL plasma and particularly to the SOL ions. The dispersion properties of this instability is found by the solution of the dispersion equationε (k i , ω) = 0, wherê ε (k i , ω) is determined by Eq. (48). The equation similar to Eq. (48) was derived for the first time in Ref. 6, 7 using the equation for the Fourier transform ϕ (k, ω) of the potential ϕ (r, t) determined in the laboratory frame, It is contrary to Eq. (41), which contains one parameter a ei which determines the amplitude of the relative displacements of electron relative to ions in FW. The parameter a α ∼ kδr α , where δr α determines the amplitude of the displacement of the particle of species α in FW field relative to the laboratory frame. It may be anticipated that the effect of the FW on the development of the parametric instabilities is negligible when a α 1 for all plasma species, and this effect will be strongest when a α is commensurate with unity. In last case, all terms in the summations over m and p should be retained, leaving undefined what is the solution for the potential ϕ (k, ω).
The theory of the parametric instabilities, which grounds on Eq. (58), was developed in Refs. 6, 7 only for a small values of parameter a α 1. This limit, in which only the terms with m = 0, ±1 and p = 0, ±1 were accounted for and all other terms in the summation over m, p in the ion and electron terms were neglected, corresponds to the limit of the small values of the growth rate and may be applied, for example, to the derivations of the thresholds of the parametric instabilities. Refereeing on that theory, the quasimode decay instabilities were considered 4 as a potential sources of the generation of the high energy ions in SOL during FW injection in tokamaks.
It is obvious, that the assessment of the importance of any instability in the processes of the anomalous absorption of the RF wave energy and anomalous heating of ions may be made when, at least, the estimates for the maximum growth rate, for the saturation level of the instability, and for the anomalous ion/electron heating rate are known. As the first step on this way we extend the linear theory 6,7 of the quasimode decay instabilities on the general case of arbitrary values of particles displacements in the FW field by employing Eq. (48).
As it was argued in Ref. 6, 7 , the quasimode decay instability occurs when ε (k i , ω) = 0 for given k i and ω in Eq. (47), i. e. for which the IC kinetic parametric instability determined by the equation ε (k i , ω) = 0 is absent. It is assumed, however, that for these k i and ω the equation
holds for some value of q = q 0 , with the solution ω + q 0 ω 0 = ω (k i + q 0 k 0 ) to Eq. (50) with ω replaced by ω + q 0 ω 0 . The coefficient ε (k i + q 0 k 0 , ω + q 0 ω 0 ) in Eq. (48) is not equal to zero, because the dependence ω (k i + q 0 k 0 ) is determined now as a solution to the whole equation (48). Retaining only the term with q = q 0 in the summation over q in Eq. (48) we obtain the relation
Using the expansion of ε (k i + q 0 k 0 , ω + q 0 ω 0 ) in the vicinity of the solution ω = ω (k i + q 0 k 0 ) − q 0 ω 0 to equation Re ε (k i + q 0 k 0 , ω (k i + q 0 k 0 )) = 0,
we obtain from Eq. (47) the growth rate γ (k i + q 0 k 0 ) of the quasimode decay instability,
Equation (64) which determines the growth rate of the IC quasimode decay instability is much more complicate than the dispersion equation (49) for the IC kinetic parametric instability. In the limiting case of small arguments of the Bessel functions, this equation reproduces the corresponding equation for the growth rate of the quasimode decay instabilities derived in Ref. 12 , that gives the growth rate value near the thresholds. For the deriving the maximum values of the growth rate, the quantity necessary for the assessment of this instability in the processes of the anomalous absorption of the FW and anomalous heating of ions, the numerical solution of Eq. (64) is necessary.
D. Numerical analysis of Eq. (41).
The dispersion equation (49) for the IC kinetic parametric instability and Eq. (48) for the IC quasimode decay instability are the simplest approximations of the dispersion equation for the basic equation (41) which is in fact the infinite system of equations for the potential ϕ i (k i , ω) and infinite number of harmonics ϕ i (k i − qk 0 , ω − qω 0 ) coupled with ϕ i (k i , ω). By replacing ω on ω − mω 0 in Eq. (41), where m is an integer, Eq. (41) is presented in the form of the infinite system
where m and q are integer numbers and the coefficients a mq are determined by relation
The equality to zero of the determinant of this homogeneous system, det a mq = 0,
gives the general dispersion equation for system (65) the solution of which ω = ω (k i ) determines the dispersive properties of the parametric instabilities. Note, that dispersion equations (42) corresponds to the accounting for in system (65) only one term with q = 0, whereas the result (64) for the growth rate of the quasimode instability follows from Eq. (67) for two-modes system with q = 0 and q = q 0 .
In this subsection, we present the results of the numerical solution of Eq. (67) for the three-modes system which contains the fundamental mode ϕ i (k i , ω) and har-
The results are presented in Figs. 1-7 for the first two IC harmonics. In all figures, the black line (line 1) denote the results for the first IC harmonic (n = 1), and the red line (line 2) denote the results for the second IC harmonic (n = 2). In all these figures, the solution for the normalized frequency δω (k) /ω ci , where δω (k) = Re ω (k)−nω ci is presented in panel (a), the normalized growth rate γ (k) /ω ci , where γ (k) = Im ω (k), is presented in panel (b), and the arguments |z in | = | (ω (k) − nω ci ) |/ √ 2k z v T i and |z en | = |nω ci + δω (k i ) |/ √ 2k iz v T i of the W -functions in ε i and ε e are presented in panels (c) and (d) respectively. In Figs. 1-6 the results are presented for a plasma with equal ion and electron temperature, T i /T e = 1, ion/electron mass ratio m i /m e = 2 · 1840, SOL ion density n 0i = 2·10 10 cm −3 and the magnitude of the magnetic field B 0 = 1 T . In Fig. 1 , the solution to Eq. (67) for the normalized frequency, the normalized growth rate, and |z in |, |z en | versus normalised FW frequency ω 0 /ω ci for k x ρ i = 0.7, k y ρ i = 1.47; (k z ρ i ) −1 = 54.6 are given. In our calculations we used the normalised values of the FW electric fields,Ê
In Fig. 1 , we useÊ 0x = 0.875 for the first IC harmonic, E 0x = 0.72 for the second IC harmonic andÊ 0y = 0.3 for both IC harmonics. These normalised values correspond for plasma with n 0i = 10 10 cm −3 and T i = 20 eV to E 0y = 180V /cm, and to E 0x = 525 V /cm and to E 0x = 432 V /cm respectively. In the summation over n in ε i determined by Eq. (43), we account for all terms in the interval [−30; 30] , and in the summation over r in Eq. (66) we account for the terms in the interval [−50; 50]. Figure 1 reveals that both IC harmonics are unstable in the finite intervals ω 0 /ω ci values above and below the unity with the growth rate less than δω (k).
The ω 0 /ω ci = 2.5 value, where the growth rates of both IC harmonics are almost maximum, is used in Figs. 2-7 as the optimal value for the normalized FW frequency. In Fig. 2 , the solution to Eq. (67) for the normalized frequency, the normalized growth rate, and |z in |, |z en | versus E 0x are given forÊ 0y = 0.3, ω 0 /ω ci = 2.5, k x ρ i = 0.7, k y ρ i = 1.47 and (k z ρ i ) −1 = 54.6. It follows from Fig.   2 , that the growth rate maximum attains atÊ 0x = 0.875 for the first IC harmonic and atÊ 0x = 0.72 for the second IC harmonic. These values ofÊ 0x are employed in the calculations presented in Figs. 1 and 3 -7 .
The results of Eq. (67) solution are plotted in Fig. 3 for the normalized frequency, for the normalized growth rate, for |z in | and |z en | versusÊ 0y for ω 0 /ω ci = 2.5, k x ρ i = 0.7, k y ρ i = 1.47 and (k z ρ i ) −1 = 54.6. In these calculations, we used the valuesÊ 0x = 0.875 for the first IC harmonic andÊ 0x = 0.72 for the second IC harmonic. Figure 3 confirms that for these values ofÊ 0x the maximum growth rates for both IC harmonics occurs atÊ 0y = 0.3. In Fig. 4 , the solution to Eq. (67) for the normalized frequency, the normalized growth rate, and |z in |, |z en | versus k x ρ i are given for ω 0 /ω ci = 2.5, k y ρ i = 1.47 and (k z ρ i ) −1 = 54.6. It follows from Fig. 4 , that the discovered parametric IC instability has the maximum growth rate for k x ρ i 1 and exists for the used plasma and FW parameters at k x ρ i < 2 for the first IC harmonic and at k x ρ i < 3 for the second IC harmonic. The lower value for k x ρ i is limited by the thickness of the SOL layer. In our calculations presented in other Figures we used k x ρ i = 0.7, that corresponds to k x ≈ 10 cm −1 for B 0 = 1 T and T i = 20 eV .
In Fig. 5 , the solution to Eq. (67) are presented for the normalized frequency, the normalized growth rate, for |z in | and |z e | versus k y ρ i for first two IC harmonics. This Figure reveals that the IC instability develops in the finite interval ∆k y ∼ k y of the k y ρ i values with k y ρ i ≈ 1 for the maximum growth rate of the first IC harmonic and k y ρ i = 1.47 for the second IC harmonic. Figure 5 explains the reason for the k y ρ i = 1.47 value selection in all Figures excluding Fig. 5 . This value of k y ρ i is optimal at which the growth rates of both IC modes are in the region of their maximum values. Figure 6 reveals that both IC harmonics of the discovered IC instability are unstable in the limited interval of the (k z ρ i ) −1 values. It explains why (k z ρ i ) −1 = 54.6 value was selected in all Figures excluding Fig. 6 . Figure 7 displays that the discovered IC instability is absent in plasma with cold ions with T i /T e < 0.2. The growth rate for the first IC harmonic has maximum growth rate for T i /T e ∼ 2 and the growth rate for the second IC harmonic attains its maximum at larger T i /T e ratio.
The common conclusion, which follows from all presented Figures, may be given for the magnitudes of the parameters |z in | and |z en |. We found that for the discovered instability |z in | 1 and |z en | < 1. It means that the inverse electron Landau damping is decisive process in the development of this instability and the IC damping of the unstable IC waves is negligible small. In this case, the renormalized version (43) for ε i which accounts for the effect of the ion scattering by the ensemble of the IC waves should be employed in Eq. (67). Because for the maximum growth rate of this instability k ⊥ ρ i ≈ k y ρ i ≈ 1.5, the equation γ = C i with the growth rate for the most unstable IC waves and C i given by Eq. (54) The eventual purpose of our analysis of the IC parametric instabilities is to understand the role of these instabilities in the turbulent heating of ions in SOL and generation of the population of the high energy ions usually observed in the SOL during FW heating.
In was found in Sec III, that the Vlasov equation in the ion oscillating frame has a form as for a plasma without FW. Therefore the equation of the quasilinear theory for the equilibrium ion distribution function F 0i , which accounts for the effects of the ion cyclotron turbulence has a known form
where f i (v ⊥ , φ, v z , X i , Y i , z i , t) is determined by the equation
The quasilinear equation for the F 0i for the IC turbulence powered by the kinetic parametric IC instability The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versus ω0/ωci forÊ0x = 0.875 for the first IC harmonic,Ê0x = 0.72 for second IC harmonic andÊ0y = 0.3 for both IC harmonics.
FIG. 2.
The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versusÊ0x forÊ0y = 0.3 and ω0/ωci = 2.5.
FIG. 3.
The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versusÊ0y forÊ0x = 0.875 for the first IC harmonic,Ê0x = 0.72 for second IC harmonic and ω0/ωci = 2.5.
FIG. 4.
The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versus kxρi.
FIG. 5.
The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versus kyρi.
FIG. 6.
The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versus (kzρi) −1 .
FIG. 7.
The normalized frequency δω/ωci, normalized growth rate γ/ωci, |zin| and |zen| versus Ti/Te. was obtained in Refs. 13 . Here, we derive the quasilinear equation for F 0i for the case when IC turbulence is powered by the IC quasimode decay instability. The potential ϕ (k i , ω) in Eq. (71) is coupled with the quasimode potential ϕ (K, Ω) = ϕ (K) δ (Ω − ω (K)) , (72) K = k i + q 0 k 0 and Ω = ω + q 0 ω 0 , by Eq. (41),
in which only the term with q = q 0 is accounted for in the summation over q. The essential element in the derivation of Eq. (70) with f i and ϕ determined by Eqs.
(71) -(73), is the calculation of the correlation function ϕ i (k i1 , ω 1 ) ϕ i (k i2 , ω 2 ) . Using Eq. (73) we obtain that
× J m2 (a ei ) J m2−q0 (a ei ) × ε e K 1 − (m 1 + q 0 ) k 0 , ω (K 1 ) − (m 1 + q 0 ) ω 0 × ε e K 2 − (m 2 + q 0 ) k 0 , ω (K 2 ) − (m 2 + q 0 ) ω 0 × |ϕ (K 1 )| 2 δ (Ω 1 − ω (K 1 )) δ (Ω 2 − ω (K 2 )) × δ (K 1 + K 2 ) δ (Ω 1 + Ω 2 ) .
With correlation function (74), the quasilinear equation (70) for the ion distribution function F 0i becomes
